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UNIVERSAL BOUNDS FOR THE HARDY–LITTLEWOOD
INEQUALITIES ON MULTILINEAR FORMS
G. ARAU´JO AND K. CAˆMARA
Abstract. The Hardy–Littlewood inequalities for multilinear forms on sequence
spaces state that for all positive integers m,n ≥ 2 and all m-linear forms T : ℓnp1 ×
· · · × ℓnpm → K (K = R or C) there are constants Cm ≥ 1 (not depending on n) such
that (
n∑
j1,...,jm=1
|T (ej1 , . . . , ejm )|
ρ
) 1
ρ
≤ Cm sup
‖x1‖,...,‖xm‖≤1
|T (x1, . . . , xm)| ,
where ρ = 2m
m+1−2
(
1
p1
+···+ 1
pm
) if 0 ≤ 1
p1
+ · · · + 1
pm
≤ 1
2
or ρ = 1
1−
(
1
p1
+···+ 1
pm
) if
1
2
≤ 1
p1
+ · · · + 1
pm
< 1. Good estimates for the Hardy-Littlewood constants are,
in general, associated to applications in Mathematics and even in Physics, but the
exact behavior of these constants is still unknown. In this note we give some new
contributions to the behavior of the constants in the case 1
2
≤ 1
p1
+ · · ·+ 1
pm
< 1. As
a consequence of our main result, we present a generalization and a simplified proof
of a result due to Aron et al. on certain Hardy–Littlewood type inequalities.
1. Introduction
Let E,E1, ..., Em and F be Banach spaces over K = R or C and for all m-linear maps
T : E1 × · · · × Em → F let us denote
‖T‖ := sup
‖x1‖,...,‖xm‖≤1
‖T (x1, . . . , xm)‖ .
Also, let c0 = {(xn)∞n=1 ⊂ K : limxn = 0}. Littlewood’s 4/3 inequality [13] (1930) asserts
that 
 ∞∑
j,k=1
|T (ej , ek)|
4
3


3
4
≤
√
2‖T‖,
for all continuous bilinear forms T : c0 × c0 → C, and the exponent 4/3 is sharp.
Littlewood’s 4/3 inequality was the starting point of several important inequalities,
such as an inequality due to Bohnenblust and Hille (1931), which nowadays is known
to be important for applications in physics (see [14]). The Bohnenblust–Hille inequality
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[9] assures the existence of a constant Bm ≥ 1 such that
 ∞∑
j1,...,jm=1
|T (ej1 , . . . , ejm)|
2m
m+1


m+1
2m
≤ Bm ‖T‖ ,
for all continuous m–linear forms T : c0 × · · · × c0 → C.
Of course, if m = 2 we recover Littlewood’s 4/3 inequality. In 1934 Hardy and
Littlewood [12] extended Littlewood’s 4/3 inequality to bilinear maps defined on ℓp×ℓq,
where by ℓs, s ≥ 1, we mean the Banach space of all absolutely s–summable sequences
in K (of course, if s = ∞ by ℓ∞ we mean the space of all bounded sequences in K).
In 1981, Praciano-Pereira [17] extended the Hardy–Littlewood inequalities to m-linear
forms on ℓp1 × · · · × ℓpm for 0 ≤ 1p1 + · · · + 1pm ≤ 12 and very recently Dimant and
Sevilla-Peris [11] generalized the estimates for the case 12 ≤ 1p1 + · · ·+ 1pm < 1 (all these
inequalities are nowadays called Hardy–Littlewood inequalities).
From now on, for any function f , whenever it makes sense we formally define f(∞) =
limp→∞ f(p). Moreover, for p = (p1, . . . , pm) ∈ [1,∞]m and 1 ≤ k ≤ m, let us denote∣∣∣∣ 1p
∣∣∣∣
≤k
:=
1
p1
+ · · ·+ 1
pk
,
∣∣∣∣ 1p
∣∣∣∣
≥k
:=
1
pk
+ · · ·+ 1
pm
and
∣∣∣∣ 1p
∣∣∣∣ :=
∣∣∣∣ 1p
∣∣∣∣
≤m
=
∣∣∣∣ 1p
∣∣∣∣
≥1
and, as usual, for s ∈ [1,∞] and a positive integer n we define ℓns = Kn equipped with
the ℓs-norm (sup norm if s = ∞); also, ej represents the canonical vector of c0 with 1
in the j-th coordinate and 0 elsewhere.
The classical Hardy–Littlewood inequalities can be stated as follows:
Theorem 1.1 (Bohnenblust, Dimant, Hardy, Hille, Littlewood, Praciano-Pereira, Sevil-
la-Perez). Let m ≥ 2 be a positive integer and p = (p1, . . . , pm) ∈ (1,∞]m with
0 ≤
∣∣∣ 1
p
∣∣∣ < 1. Then there are constants CKm,p ≥ 1 such that

 n∑
j1,...,jm=1
|T (ej1 , . . . , ejm)|
2m
m+1−2| 1p |


m+1−2| 1p |
2m
≤ CKm,p ‖T‖ if 0 ≤
∣∣∣∣ 1p
∣∣∣∣ ≤ 12 ,(1.1)

 n∑
j1,...,jm=1
|T (ej1 , . . . , ejm)|
1
1−| 1p |


1−
∣∣∣ 1
p
∣∣∣
≤ CKm,p ‖T‖ if
1
2
≤
∣∣∣∣ 1p
∣∣∣∣ < 1,(1.2)
for all m-linear forms T : ℓnp1 × · · · × ℓnpm → K and all positive integers n.
If p1 = · · · = pm = p we denote CKm,p by CKm,p. When
∣∣∣ 1
p
∣∣∣ = 0 (equivalently
p1 = · · · = pm = ∞), since 2m
m+1−2
∣∣∣ 1
p
∣∣∣ = 2mm+1 , we recover the classical Bohnenblust–
Hille inequality. Using the generalized Kahane–Salem–Zygmund inequality in (1.1) and
Ho¨lder’s inequality in (1.2) it is possible to conclude that the exponents 2m
m+1−2
∣∣∣ 1
p
∣∣∣ and
1
1−
∣∣∣ 1
p
∣∣∣ are optimal: if replaced by smaller exponents the constants appearing on the
right-hand-size will depend on n.
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The precise growth of the constants CKm,p, 0 ≤
∣∣∣ 1
p
∣∣∣ < 1, is important for many
applications and remains an open problem in Mathematical Analysis. The first estimates
for CKm,p had exponential growth; more precisely,
CKm,p ≤
(√
2
)m−1
.
The case 0 ≤
∣∣∣ 1
p
∣∣∣ ≤ 12 was more explored since it appearance. Several studies have
made significant progress in the context 0 ≤
∣∣∣ 1
p
∣∣∣ ≤ 12 (see for instance [2, 3, 5, 6, 8]). For
example, among other results, it was proved in [5, 8] that for 2m(m− 1)2 < p ≤ ∞ we
have
CRm,p < κ1 ·m
2−log 2−γ
2 ≈ κ1 ·m0.36482,
CCm,p < κ2 ·m
1−γ
2 ≈ κ2 ·m0.21139,
for certain constants κ1, κ2 > 0, where γ is the Euler-Mascheroni constant.
On the other hand, the case 12 ≤
∣∣∣ 1
p
∣∣∣ < 1 was virtually unexplored and only recently
in [1,7] is that the original estimate was improved. Our main result generalizes some of
the main results of [1, 7].
One of the main results of [1] is the following result:
Theorem 1.2. Let m ≥ 2 be a positive integer and p = (p1, . . . , pm) ∈ (1,∞] with
1
2 ≤
∣∣∣ 1
p
∣∣∣ < 1. Then, for all m-linear forms T : ℓnp1 × · · · × ℓnpm → K and all positive
integers n,

 n∑
j1,...,jm=1
|T (ej1 , . . . , ejm)|
1
1−| 1p |


1−
∣∣∣ 1
p
∣∣∣
≤ 2(m−1)
(
1−
∣∣∣ 1
p
∣∣∣) ‖T‖ .
As a consequence, whenm < p1 = · · · = pm = p ≤ m+1, the optimal constants of the
Hardy–Littlewood inequalities are uniformly bounded by 2. In fact, for m < p ≤ m+1
we have 
 n∑
j1,...,jm=1
|T (ej1 , . . . , ejm)|
p
p−m


p−m
p
≤ 2m−1m+1 ‖T‖ < 2 ‖T‖ ,
for all m-linear forms T : ℓnp × · · · × ℓnp → K and all positive integers n.
Another important contribution in this setting (12 ≤
∣∣∣ 1
p
∣∣∣ < 1) is the following result
of Aron, Nu´n˜ez-Alarco´n, Pellegrino and Serrano-Rodr´ıguez (see [7, Corollary 3.3]):
Theorem 1.3. Let m ≥ 2 be a positive integer and p = (p1, . . . , pm) ∈ (1,∞]m be such
that 1 < pm ≤ 2 < p1, . . . , pm−1 and
1
2
≤
∣∣∣∣ 1p
∣∣∣∣ < 1.
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Then 
 n∑
j1,...,j=m
|T (ej1 , . . . , ejm)|
1
1−| 1p |


1−
∣∣∣ 1
p
∣∣∣
≤ ‖T‖,
for all m-linear forms T : ℓnp1 × · · · × ℓnpm → K and all positive integers n.
Our main result generalizes Theorem 1.2 and has as a consequence a more general
result than Theorem 1.3. It is important to mention that the proof of our main result
is not just an adaptation of the original proof of 1.2 and that the proof given in [7] for
Theorem 1.3 is, in some sense, very extensive and complicated. Our approach is simpler
and more self-contained.
2. Main results
We begin this section by recalling some important auxiliary results that will be es-
sential to our purpose.
An important auxiliary result that will be used along this note is the Khinchine
inequality for real and complex scalars. More precisely, the Khinchine inequality assures
that for any 0 < q < ∞, there are positive constants AKq such that regardless of the
positive integer n and of the scalar sequence (aj)
n
j=1 we have
Aq

 n∑
j=1
|aj |2


1
2
≤


∫ 1
0
∣∣∣∣∣∣
n∑
j=1
ajrj(t)
∣∣∣∣∣∣
q
dt


1
q
,
where rj are the Rademacher functions.
The next result concerns the multilinear theory of absolutely summing operators
initiated by Pietsch [16]. It was proved very recently by Albuquerque and Rezende in
[4, Theorem 3] and also will be essential for us. First, let us present some required
definitions. Let BE∗ be the closed unit ball of the topological dual of E. If 1 ≤ q ≤ ∞,
the symbol q∗ represents the conjugate of q. It will be convenient to adopt that c∞ = 0
for any c > 0; for s ≥ 1 we represent by ℓws (E) the linear space of the sequences (xj)∞j=1
in E such that (ϕ (xj))
∞
j=1 ∈ ℓs for every continuous linear functional ϕ : E → K.
For (xj)
∞
j=1 ∈ ℓws (E) the expression ‖(xj)∞j=1‖w,s := supϕ∈BE∗ ‖ (ϕ (xj))
∞
j=1 ‖s defines a
norm on ℓws (E). The space of all continuous m-linear operators T : E1× · · ·×Em → F ,
with the sup norm, is denoted by L (E1, ..., Em;F ). For p,q ∈ [1,+∞)m, a multilinear
operator T : E1 × · · · × Em → F is multiple (q;p)-summing if there exist a constant
C > 0 such that


∞∑
j1=1

· · ·

 ∞∑
jm=1
∥∥∥T (x(1)j1 , . . . , x(m)jm )
∥∥∥qm
F


qm−1
qm
· · ·


q1
q2


1
q1
≤ C
m∏
k=1
∥∥∥(x(k)j )∞j=1
∥∥∥
w,pk
for all (x
(k)
j )
∞
j=1 ∈ ℓwpk (Ek). We represent the class of all multiple (q;p)-summing opera-
tors by Πm(q;p) (E1, . . . , Em;F ). When q1 = · · · = qm = q, we denote Πm(q;p) (E1, . . . , Em;F )
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by Πm(q;p) (E1, . . . , Em;F ). For recent results on the theory of multiple (q;p)-summing
operators we refer to [15].
Theorem 2.1 (Albuquerque and Rezende [4]). Let m be a positive integer and r ≥
1, s,p,q ∈ [1,∞)m be such that
1
r
−
∣∣∣∣ 1p
∣∣∣∣+
∣∣∣∣ 1q
∣∣∣∣ > 0
and, for each k = 1, . . . ,m, qk ≥ pk and
1
sk
−
∣∣∣∣ 1q
∣∣∣∣
≥k
=
1
r
−
∣∣∣∣ 1p
∣∣∣∣
≥k
.
Then
Πm(r;p)(E1, . . . , Em;F ) ⊂ Πm(s,q)(E1, . . . , Em;F )
for any Banach spaces E1, . . . , Em, F and the inclusion operator has norm 1.
Now we are able to present our main result.
Theorem 2.2. Let m ≥ 2 be a positive integer and p = (p1, . . . , pm) ∈ (1,∞]m be such
that
1
2
≤
∣∣∣∣ 1p
∣∣∣∣ < 1.
Then

 n∑
j1,...,j=m
|T (ej1 , . . . , ejm)|
1
1−| 1p |


1−
∣∣∣ 1
p
∣∣∣
≤ 2(s−1)
[
1−
(
1
pk1
+···+ 1
pks
)]
‖T‖,
for all m-linear forms T : ℓnp1 × · · · × ℓnpm → K and all positive integers n, where
s = min


r :
there exists pk1 , . . . , pkr ∈ {p1, . . . , pm} with pki 6= pkj , i 6= j,
and 12 ≤ 1pk1 + · · ·+
1
pkr
< 1


Proof. For the sake of simplicity let us suppose that pk1 = p1, . . . , pks = ps. Since
1
2
≤
∣∣∣∣ 1p
∣∣∣∣
≤s
< 1,
it follows from the Theorem 1.2 that

 n∑
j1,...,js=1
|Ts(ej1 , . . . , ejs)|
1
1−| 1p |≤s


1−
∣∣∣ 1
p
∣∣∣
≤s
≤ 2(s−1)
[
1−
∣∣∣ 1
p
∣∣∣
≤s
]
‖Ts‖
for all s-linear forms Ts : ℓ
n
p1
× · · · × ℓnps → K and all positive integers n. In view
of the Kinchine’s inequality we have, for every n and all (s + 1)-linear forms Ts+1 :
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ℓnp1 × · · · × ℓnps × ℓn∞ → K,


n∑
j1,...,js=1

 n∑
js+1=1
∣∣Ts+1 (ej1 , . . . , ejs+1)∣∣2


1
2
· 1
1−| 1p |≤s


1−
∣∣∣ 1
p
∣∣∣
≤s
≤


n∑
j1,...,js=1
A−1
K, 1
1−| 1p |≤s


∫ 1
0
∣∣∣∣∣∣
n∑
js+1=1
Ts+1
(
ej1 , . . . , ejs+1
)
rjs+1(t)
∣∣∣∣∣∣
1
1−| 1p |≤s
dt


1−| 1p |≤s
1−| 1p |≤s


1−
∣∣∣ 1
p
∣∣∣
≤s
= A−1
K, 1
1−| 1p |≤s


∫ 1
0
n∑
j1,...,js=1
∣∣∣∣∣∣Ts+1

ej1 , . . . , ejs ,
n∑
js+1=1
ejs+1rjs+1(t)


∣∣∣∣∣∣
1
1−| 1p |≤s
dt


1−
∣∣∣ 1
p
∣∣∣
≤s
≤ A−1
K, 1
1−| 1p |≤s

 sup
t∈[0,1]
n∑
j1,...,js=1
∣∣∣∣∣∣Ts+1

ej1 , . . . , ejs ,
n∑
js+1=1
ejs+1rjs+1(t)


∣∣∣∣∣∣
1
1−| 1p |≤s
dt


1−
∣∣∣ 1
p
∣∣∣
≤s
= A−1
K, 1
1−| 1p |≤s
sup
t∈[0,1]


n∑
j1,...,js=1
∣∣∣∣∣∣Ts+1

ej1 , . . . , ejs ,
n∑
js+1=1
ejs+1rjs+1(t)


∣∣∣∣∣∣
1
1−| 1p |≤s
dt


1−
∣∣∣ 1
p
∣∣∣
≤s
≤ A−1
K, 1
1−| 1p |≤s
2
(s−1)
[
1−
∣∣∣ 1
p
∣∣∣
≤s
]
sup
t∈[0,1]
∥∥∥∥∥∥Ts+1

·, . . . , ·,
n∑
js+1=1
ejs+1rjs+1(t)


∥∥∥∥∥∥
= A−1
K, 1
1−| 1p |≤s
2
(s−1)
[
1−
∣∣∣ 1
p
∣∣∣
≤s
]
‖Ts+1‖,
where A
K, 1
1−| 1p |≤s
is the constant of the Khinchine inequality.
Since
1
1−
∣∣∣ 1
p
∣∣∣
≤s
≥ 2,
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we have A
K, 1
1−| 1p |≤s
= 1 and thus (from the previous inequality together with canonical
inclusion of ℓp spaces)

 n∑
j1,...,js+1=1
∣∣Ts+1 (ej1 , . . . , ejs+1)∣∣
1
1−| 1p |≤s


1−
∣∣∣ 1
p
∣∣∣
≤s
=


n∑
j1,...,js=1

 n∑
js+1=1
∣∣Ts+1 (ej1 , . . . , ejs+1)∣∣
1
1−| 1p |≤s


(
1−
∣∣∣ 1
p
∣∣∣
≤s
)
· 1
1−| 1p |≤s


1−
∣∣∣ 1
p
∣∣∣
≤s
≤


n∑
j1,...,js=1

 n∑
js+1=1
∣∣Ts+1 (ej1 , . . . , ejs+1)∣∣2


1
2
· 1
1−| 1p |≤s


1−
∣∣∣ 1
p
∣∣∣
≤s
≤ 2(s−1)
[
1−
∣∣∣ 1
p
∣∣∣
≤s
]
‖Ts+1‖,
for every n and all (s + 1)-linear forms Ts+1 : ℓ
n
p1
× · · · × ℓnps × ℓn∞ → K. Using the
canonical isometric isomorphisms for the spaces of weakly summable sequences (see
[10, Proposition 2.2]) we know that this is equivalent to assert that (see [11, p. 308]),
Πs+1(
1
1−| 1p |≤s
;p∗1,...,p
∗
s ,1
)(E1, . . . , Es+1;K) = L(E1, . . . , Es+1;K)
for all Banach spaces E1, . . . , Es+1.
From Theorem 2.1 it is possible to prove that
Πs+1(
1
1−| 1p |≤s
;p∗1,...,p
∗
s ,1
)(E1, . . . , Es+1;K) ⊆ Πs+1(
1
1−| 1p |≤s+1
;p∗1,...,p
∗
s+1
)(E1, . . . , Es+1;K).
Consequently,
Πs+1(
1
1−| 1p |≤s+1
;p∗1,...,p
∗
s+1
)(E1, . . . , Es+1;K) = L(E1, . . . , Es+1;K)
for all Banach spaces E1, . . . , Es+1. Again (see [11, p. 308]), this is equivalent to say
that

 n∑
j1,...,js+1=1
∣∣Ts+1 (ej1 , . . . , ejs+1)∣∣
1
1−| 1p |≤s+1


1−
∣∣∣ 1
p
∣∣∣
≤s+1
≤ 2(s−1)
[
1−
∣∣∣ 1
p
∣∣∣
≤s
]
‖Ts+1‖,
for all (s+ 1)-linear forms Ts+1 : ℓ
n
p1
× · · · × ℓnps × ℓn∞ → K and all positive integers n.
The proof is completed by a standard induction argument. 
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Just making s = 1 in the previous result, we get the following Hardy–Littlewood type
inequalities with constant 1:
Corollary 2.3. Let m ≥ 2 be a positive integer and p = (p1, . . . , pm) ∈ (1,∞]m be such
that 1 < pi ≤ 2 < p1, . . . , pi−1, pi+1, . . . , pm for some 1 ≤ i ≤ m and
1
2
≤
∣∣∣∣ 1p
∣∣∣∣ < 1.
Then 
 n∑
j1,...,j=m
|T (ej1 , . . . , ejm)|
1
1−| 1p |


1−
∣∣∣ 1
p
∣∣∣
≤ ‖T‖,
for all m-linear forms T : ℓnp1 × · · · × ℓnpm → K and all positive integers n.
Corollary 2.3 generalizes a recently result proved independently in [7, Corollary 3.3].
Our approach is different and we believe it is more self-contained.
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